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Abstract 
 
Protein assembly plays an important role in the regulation of biological systems. The 
cytoskeleton assembly activity is provided by the binding cofactors GTP (guanidine 
triphosphate) or ATP(adenosine triphosphate) to monomeric protein, and is initiated by 
assembling the monomeric proteins. The binding GTP or ATP is hydrolyzed to GDP 
(guanidine diphosphate) or ADP (adenosine diphosphate) by the monomeric enzymatic 
activity. This self-limited assembly is characteristic of the cytoskeleton. To 
quantitatively evaluate the assembly kinetics, we propose a nonlinear and 
non-equilibrium kinetic model, with the nonlinearity provided by the fluctuation in 
monomer concentrations during the diffusion. Numerical simulations suggest that the 
assembly and disassembly oscillates in a chaos-like manner. We use a kinetic analysis 
of the center manifold around the critical point to show that minimal increases in 
ATP/GTP concentrations may lead to some attenuation in the amplification of these 
fluctuations. The present model and our application of center manifold theory illustrate 
a unique feature of protein assemblies, and our stability analysis provides an analytical 
methodology for the biological reaction system. 
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1. Introduction 
Protein assembly is essential for cellular activities such as cytoskeleton formation and 
protein assembly  [1, 2] . A transient binding cofactor such as ATP/GTP to monomeric 
protein controls the assembly of proteins such as actin and tubulin. Various 
mathematical models have been proposed to explain the kinetic signaling behavior 
based on a set of kinetic equations [3]. In the current study, we aim to understand the 
process of protein assembly using the following two novel perspectives, which are 
formulated on the basis of a nonlinear and non-equilibrium kinetic model. In fact, 
cytoskeletal protein assembly is a dynamic process between assembly and disassembly 
[4-8]. 
    According to Fick’s law, the continuity of the monomer concentration of ci (i = 
1,…, n) including chemical reaction items can be described using diffusion coefficients 
Di, kinetic coefficients ki, and the concentrations of individual compounds ci. Protein 
assembly is limited by the slow diffusion rate of monomer proteins, which is a 
diffusion-limited aggregation process. Therefore, diffusion items and reaction items 
cannot necessarily be separated and we therefore described kinetic coefficients that 
depend on the diffusion coefficients as follows[8]:  
 
dci
dt = kiDici + kicij=1
n
∑ cj +!     (1)
 
	 	 We consider a model system that is far from equilibrium because of a continuous 
supply of chemicals from the outside. The chemical species are GTP and ATP, 
cofactors that provide monomers with assembly activity. The aim of this study is to 
illustrate the behavior of non-equilibrium protein assembly.  
 
2. Materials and methods 
 
2.1 General formulation of a signaling pathway  
The model consists of several steps: (i) the monomer achieves an interactive state by 
reversibly binding a cofactor (ATP/GTP) that provides the monomer with interaction 
activity; (ii) the monomer itself has the ability to hydrolyze the cofactor and lose the 
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assembly activity; (iii) the monomer has the ability to exchange the inactive hydrolyzed 
cofactor (ADP/GDP) with an active non-hydrolyzed one; (v) ATP/GTP are supplied 
continuously from the outside. The second requirement indicates one of the self-limiting 
properties of the monomer, causing dynamic instability in the monomer interaction. In 
the protein interaction kinetics, our analysis of the fluctuation in monomer 
concentrations was performed using Mathematica 9 (Wolfram Research, Inc., 
Champaign, IL). 
 
2.2 Protein interaction kinetics 
The model scheme is shown in Figure 1. There are three types of monomer, 
ATP/GTP -binding monomer X, ADP/GDP--binding monomer Y in the oligomer (W), 
and released ADP/GDP-binding monomer Z.  X has the higher assembly activity, and 
Y and Z have the lower assembly activity. We set the oligomer concentration W to be a 
constant, because de novo assembly is considered to be much slower than monomer 
interaction in the steady state [6, 7, 12-15]. First, X associates with the assembly nucleus 
W to be Y at the end of W. 
 
X+W → W+Y (m1; kinetic coefficients)   (2) 
 
In the next step, the intermediate species Y is release to be Z: 
 
    Y →	 Z (m2)                      	 (3) 
Z recovers its interaction activity by exchanging the active cofactor ATP/GTP (P) for 
the inactive cofactor ADP/GDP (P’), returning to X (see Figure 1): 
  
    Z+P → X+P’  (k0)                 (4) 
In addition, direct slow conversion is supposed: 
    X →	 Z        (k3)                 (5) 
The kinetic equations were set according to the simple reaction cascade described above. 
We obtain equations for the protein interaction kinetics using the diffusion coefficient: 
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 dX/dt = −m1WX + k0PZ − k3X                                          (6’)  
 dY/dt = m1WX – m2Y                                                  (7’)   	 	 	 	 	 	 	  
 dZ/dt = m2 Y − k0PZ + k3X                                             (8’)	  
  X + Y + Z = M                                                      (9)  
A simple consideration of the diffusion-limited step implies that, when the kinetic rate 
can be described according to Fick’s law using the diffusion coefficients DX and DY, 
then[9-11]: 
 
    m1  ∝ DX + DW = k1D1                                             (10)    
    m2  ∝ DW + DY = k2D2                                             (11)   
Rewriting (6’)-(8’) using (10) and (11),  
dX/dt = −k1D1WX + k0PZ − k3X                                      (6) 
 dY/dt = k1D1WX – k2D2Y                                               (7)   	 	 	 	 	 	 	  
 dZ/dt = k2D2 Y − k0PZ + k3X                                            (8)	  
 
To obtain the monomer concentration at the steady state of the reaction system, setting 
right-hand side of Eqs. (6) – (8) equal to zero and using Eqs. (9) gives: 
   
  
Xe =
D2k2Mp
D2k3k2 +  D2k2p +  D1D2k1k2W  +  D1k1pW
~    D2k2MD2k2  + D1k1W
               (12)
Ye =
D1k1MpW
D2k3k2 +  D2k2p +  D1D2k1k2W  +  D1k1pW
~ D1k1MWD2k2  +  D1k1W
                   (13)
Ze =
D2k2M  k3 + D1k1W( )
D2k3k2 +  D2k2p +  D1D2k1k2W  +  D1k1pW
~ D2k2M  k3 + D1k1W( ) D2k2p +   D1k1pW
~ 0     (14)
 
 
Here, the item D1D2 and k3 are negligible because the diffusion coefficients are small 
and the direct conversion rate of X into Z is small.  
 
2.3 Fluctuation of diffusion coefficient  
We now consider the fluctuation of participant proteins:  
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   X = Xe+ x, Y = Ye+ y, Z = Ze + z              (15) 
In Eq. (14), the subscript ‘e’ signifies values at the steady state.  
In an actual assembly, monomers associate with other monomers. From Eq. (9), we 
have x + y + z = 0 and therefore the fluctuation y can be written using –x–z. Therefore, 
the fluctuation kinetics are provided by two parameters, X and Z.  
Given the nonlinearity during diffusion, we assume there is kinetic instability in the 
monomer interaction, and that the sensitivity of the assembly in response to the 
environmental change can be evaluated. Indeed, the diffusion coefficient D of one 
macromolecule in the solution can generally be written as: 
 
D = kT/η (1 – α c) ≈ kT (1 +α c)/η = D0 (1 +α c)   (16) 
where T is the temperature of the solution, k is the Boltzmann constant, η is the 
frictional coefficient of a given macromolecule in solution and c denotes the 
concentration of the solute, and α is a coefficient, and D0 is the diffusion coefficient 
[16-20]. The fluctuation of the diffusion coefficient is given by considering the 
dependency of the coefficients upon the concentration of the monomer [8]: 
 
   dDx = αx – βz   (17)   
   dDz = γx –δz    (18) 
Here, an increase in X contributes to a decrease in Dx and Dz  in the fluctuation term αx 
(α > 0) and γx (γ > 0), because the higher assembly activity reduces diffusion. In 
contrast, an increase in Z serves to increase the diffusion coefficients Dx in the 
fluctuation terms βz (β > 0) and δz  (δ > 0), because the lower interaction or assembly 
activity increases diffusion. In fact the assembly activity of Z is lower, the fluctuation 
item δz is negligible. Because x + y + z = 0, Eqs (6), (8), (17), and (18) give the 
fluctuation kinetic equations :  
 
   dx/dt = (−k1DxW+k1αWXe−k3)x +(−k1βWXe+k0P)z+k1Wαx2−k1Wβxz   (19)  
   dz/dt = (k3−k2γYe)x−k0Pz+k2γx2 +k2γxz      (20) 
To simplify the notation, we set: 
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  k1Dx = D1, k1β = b, k1 α = a, k2γ = c, k0P = p, k3 = k                       (21) 
and obtain: 
 
   
dx/dt = (−D1W+aWXe−k)x + (−bWXe+p)z + Wax2 − Wbxz    (22) 
   dz/dt = (k−cYe)x − pz + cx2 + cxz       (23)  
 
Around the steady state (x, z) = (0, 0) of Eqs. (22) and (23), the Jacobian matrix of 
(dx/dt, dy/dt) is given by: 
 
  L = −D1W + aXe − k −bWXe + pk − cYe − p
⎡
⎣
⎢
⎢
⎤
⎦
⎥
⎥
   (24)
 
 
3. Results 
 
3.1 Calculus simulation of concentration oscillations 
The time-course of the monomer concentrations was simulated by substituting 
appropriate numerical values into Eqs. (22) and (23). A numerical calculation was 
performed over a sufficiently long period to evaluate the assembly trend. The 
steady-state concentrations of X and Z are given by Eqs. (12) and (14). The simulation 
results under the above conditions are shown in Figure 2. When p varies about the value 
given by 
 
  det [L]= (−D1W+aXe−k)(−p)−(k−cYe) (−bWXe+ p) = 0                     (25) 
                            
Next, we conducted a simulation with values of M = 0.1, W = 1, D1 = 0.28, D2 = 0.012, 
a = 150, b = 150, k = 0.005, c = 0.1, and d = 0. Solving (24) with respect to p with 
substitution of these values into (24), we find 
 
p ≈ 0.011 = pc                                                     (26)  
The small affix c indicates the critical point of ATP/GTP concentration. As a result, the 
fluctuations oscillate between decreasing and increasing as shown in Figure 2. When p 
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< pc, the fluctuation was found to attenuate (Figure 2d) and the monomer concentration 
reached the plateau. While, when p > pc, the fluctuation was found to diverge (Figure 
2f).  
 
3.2 Evaluation of model stability using the center manifold around the equilibrium 
state  
 
We considered the kinetic stability around the critical point (p = pc) using minimal 
difference ε. The matrix L is then given by: 
 
  
Lc = −D1W + aXe − k −bWXc + pck − cYe − pc
⎡
⎣
⎢
⎢
⎤
⎦
⎥
⎥
   (27)
   
Using the eigenvectors of Lc, [l1 l2], we perform the following coordinate 
transformation: 
 
    
 
!x
!z
⎡
⎣
⎢
⎤
⎦
⎥ = l1 l2⎡⎣ ⎤⎦   
!u
!v
⎡
⎣
⎢
⎤
⎦
⎥         (28)
   
 
    
 
!u
!v
⎡
⎣
⎢
⎤
⎦
⎥ = l1 l2⎡⎣ ⎤⎦
−1 !x
!z
⎡
⎣
⎢
⎤
⎦
⎥         (29)  
In reference to the numerical simulation (Figure 2), when D1, k, p are sufficiently small, 
[l1 l2] ≈ [{-(aWX/k), 1}, {aWX/k, 1}]. We subsequently set: 
 
  du/dt = fu(u, v)                 (30) 	 	 	 	 	  
  dv/dt = fv(u, v)                 (31) 
The center manifold around the critical point (p = pc) is then given as follows:   
  
    u= h (ε, v) = a1 v2+ a2 vε+ a3ε2 + a4v3+ a5 v2ε+ a6 vε2+ a7ε3+ O(ε4)    (32)            
We then analyzed the effect of changes ε in p using the center manifold around the 
critical point of the system. Subsequently, 
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    u = (dv/dt)∂h(u, ε)/∂u + (dε/ dt)∂h(u, ε)/∂ε = (2a1v + a2ε) fu(u, v)    (33)  
Using Eqs. (31) and (32), we then obtain: 
  (2a1v + a2ε)fu(u,v) = a1 v2 + a2 vε + a3ε2 + a4v3 + a5 v2ε + a6 vε2 + a7ε3 + O(ε4)    (34)  
Solving Eq. (34) gives the coefficients of ai in Eq. (32): a3 = a7 = 0. Substituting u in Eq. 
(32) given by ν and ε into fv (u,v) in Eq. (29), we can obtain the kinetic stability equation 
for fluctuation ν using the coefficients ni (i = 1, …, 7) as follows: 
dv/dt = n1v2 + n2vε + n3ε2 + n4v3 + n5v2ε + n6vε2 + n7ε3 + O(ε4)                  (35)
  
 
Independent of the numerical values in Eq. (35),
 
 
 
    n3, n6, n7 = 0                                                     (36)  
Then, we have: 
   dv/dt =n1v2 + n2vε + n4v3 + n5v2ε+ O(ε4)                                 (37)  
By setting left-hand side equivalent to zero,  
 
   
v = 0,   −n1 − n5ε ± (n1 + n5ε )
2 − 4n2n4ε
2n4
    (38)
                             
We have an approximate solution to Eq. (38): 
    v = 0, ≈ cε, −n1/n4             (39) 
Here, c is a constant coefficient and two of the oscillatory amplitude of v except –n1/n4 
are nearly equivalent to zero when the concentration of ATP/GTP is equivalent to 
critical concentration (ε ≈ 0). Thereafter the solution cε increases as the concentration of 
ATP/GTP increases. From (32), we have formulation of u using a constant coefficient 
c’, 
 
    u ≈ 0, c’(n1/n4)2                      (40) 
When D1, k, p are sufficiently small, substituting [l1 l2] = [{−aWX/k, 1}, {aWX/k, 1}] 
into (27) gives : 
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   x = −(aWX /k)u +v ≈ v                  (41) 
As a result, as we described v, two of the amplitudes of x are nearly equivalent to zero (ε 
≈ 0), and another amplitude (−n1/n4) increases as ε increases (Figure 2). Thus, stability 
analysis can predict the behavior of the fluctuation around the critical point of protein 
assembling system. 
 
4. Discussion 
We have presented a model for the protein assembly kinetics, and analyzed the stability 
around the critical point using center manifold theory. The nonlinear kinetic equations 
include three parameters (X, Y, and Z), but only two are actually independent (Eq.(8)). 
In the simulations, ATP/GTP or ADP/GDP binding monomers periodically exhibit a 
chaotic oscillation between assembly and disassembly. This accurately reflects the 
microtubule kinetics showing instable assembly [4, 5].  
To the best of our knowledge, this is one of the first reports on the application of center 
manifold theory to the analysis of biological reaction systems [8]. The fluctuation of 
monomer concentrations was subjected to a perturbation expansion using a minimal 
increase in the supply of ATP/GTP near the concentration at the critical point. This 
mathematical method can precisely treat nonlinear and multi-parameter systems around 
the critical point. The fluctuation kinetics are expected to change from convergence to 
divergence of the concentration fluctuation of the monomer, i.e., stable to instable, 
around the critical point as shown in Figure 2. Because of this high sensitivity to the 
concentration of ATP/GTP, the protein assembly is dynamically regulated by minimal 
changes in the supply of ATP/GTP, which is controlled metabolically. Still, the 
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theoretical basis of protein assembling for quantitative evaluation requires further 
formulation on the basis of experimental study. 
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                          Figure Legends 
 
Figure 1. Scheme of monomer interaction. Individual globules or oblongs represent 
monomers X, Y, Z, and oligomer W. Kinetic coefficients, k0 , k1, k2, and k3 are shown 
next to the arrows. Outside and inside signify the outside and inside of the cell, 
respectively. Y is located at the end of the oligomer W. 
 
Figure 2. Time-course of the fluctuation in monomer concentrations displays a 
chaotic oscillation. Diffusion of active cofactor binding monomer (X) and of inactive 
cofactor binding monomer (Z). p is (a) 0.000, (b) 0.001, (c) 0.002, (d) 0.004, (e) 0.008, 
(f) 0.010, (g) 0.010705, and (h) 0.011. The upper graph shows two parametric plots of X 
(red), and Z (blue). Lines represent the concentration of X and Z. The horizontal axis 
represents time (0 ≤ t ≤ 1000) and the vertical axis represents the concentration of X and 
Z. When p exceeds 0.01, chaotic oscillations are observed. The Mathematica (version 9, 
Wolfram Research, Inc., Champaign, IL) code for p = 0.01 is as follows: p = 0.01  X = 
((D2 M p)/(D2 k + D2 p + D1 D2 W + D1 p W))   Y = ((D1 M p W)/(D2 k + D2 p + D1 D2 
W + D1 p W))  Z = ((D2 M (k + D1 W))/(D2 k + D2 p + D1 D2 W + D1 p W))   M = 0.1 W 
= 1 D1 = 0.28 D2 = 0.012061855670103093`  a = 150 b = 156 k = 0.005 c = 0.1 d = 0  
NDSolve[{Derivative[1][x][t] == -(D1 - a X) x[t] + a x[t]^2 + (p - b X) z[t] - b x[t] z[t] - k x[t], 
Derivative[1][z][t] == k x[t] + c x[t]^2 + d x[t] z[t] - p z[t],  x[0] == 1.`*^-6, z[0] == 1.`*^-6}, 
{x, z}, {t, 0, 3300}, MaxSteps -> 50000]  g001 = Plot[{X + x[t]} /. %, {t, 0, 1000}, PlotRange 
-> All, PlotStyle -> {RGBColor[0, 0, 0]}]   g002 = Plot[{Y - x[t] - z[t]} /. %%, {t, 0, 1000}, 
PlotRange -> All, PlotStyle -> {RGBColor[1, 0, 0]}]  g003 = Plot[{Z + z[t]} /. %%%, {t, 0, 
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1000}, PlotRange -> All,  PlotStyle -> {RGBColor[0, 0, 1]}, PlotRange -> All]  Show[g001, 
g002, g003].  
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 Figure 1 
 
              
 
  
 18 
Figure 2 
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